This study is divided in two parts. In first Phase, we come up with a new analytical model for determining the relative weights of evaluation criteria using trapezium fuzzy numbers in decision making problems, and then in the second part, the previous part integrated with the presented LRP. The LRP is a three layer location-routing problem consisting of plants, depots, and customers. In this network, products are transferred from plants to depots and from there to customers, phrases of objective function have weights, Located at the pre-determined locations, customers demand their requirements stochastically. The goal is to select locations for plants and central depots (CD), among sets of potential locations, allocate customers to DCs, find routes from DCs to customers, to minimize total network cost. A two phase heuristic simulated annealing is presented as solution methodology. Test problem is designed and solved by the developed algorithm to evaluate the presented solution approach. Results show that the integrated decision leads to saving on the network cost.
Introduction
Location routing problems are considered as combinatorial optimization problems that are frequently encountered in whole varieties of logistics and distribution systems that are economically challenging. In most cases, however, decisions have to be made before the realizations of random variables are known. A classical approach is to work with estimations of random data and to solve the stochastic problem similar to the deterministic cases. Moreover, it is often preferable to explicitly incorporate uncertainty in the models. Fuzzy Theory is a useful analytical model for problem identification and systematic problem solution under fuzzy environment. The Crisp Methods are often incorporated in the analysis under circumstances where exact and ordinary data rather than fuzzy and vagueness data, are used. Torfi et al. [10] proposed a Fuzzy approach to evaluate the alternative options in respect to the user's preference orders in a fuzzy environment. People have considerable talent in handling and processing qualitative data, making it possible for effective decision-making under fuzzy environment. Under various practical circumstances, decisions are uncertain and as such, it would hardly be able to make numerical input and output data. Torfi et al. [12] applied a new fuzzy decision making model to determine the weights of multiple objectives applied new fuzzy least-squares linear regression approach to ascertain stochastic demand in the vehicle routing problem.
The present study is divided in two parts. In first Phase, we come up with a new model proposed by Torfi et al. [12] to determine the weights of multiple objectives in combinational optimization problems, then in the second part, the previous part integrated with the presented LRP. A two phase heuristic simulated annealing is presented as solution methodology. Test problem are designed and solved by the developed algorithm to evaluate the presented solution approach. Results show that the integrated decision leads to saving on the network cost.
The remainder of this paper is outlined as follows: Sections 2 paper describes the Fuzzy model and its application as an analytical tool to determine the weights of object's phrase. Section 3, presents the results of computational experiments to assess the value of the proposed approach. Section 4, reports a comparative analysis of the two methods, followed by, conclusions and recommendation for future researches in section 5.
Problem Definition and mathematical model formulations
The problem under consideration is a three layer location-routing problem (LRP) consisting of plants (first layer), depots (second layer), and customers (third layer). In such a network, products are transferred from plants to depots and from there to customers. Located at the pre-determined locations, customers demand their requirements stochastically. The goal is to select locations for plants and DCs among sets of potential locations, allocate customers to DCs, find routes from DCs to customers, to minimize total network cost. Mathematical model of this study is divided in three parts, Fuzzy multicriteria decision making approach (FMCDM) applied to determine the weights of multiple objectives in location routing problems, with due attention to the rating of qualitative criteria and sub-criteria that are considered as linguistic variables, the reason of its use, it is in many practical cases, the experts' preferences are uncertain and they are reluctant or unable to make numerical comparisons. Fuzzy decision-making is a powerful tool for decision-making in fuzzy environment. The application of the fuzzy logic in this study provided a solution which seems to be closer to the real world. Classical decision-making methods work only with exact and ordinary data, so there is no place for fuzzy and vague data [10] . An inventory strategy will be developed in the form of a mathematical model and then integrated with the LRP and FMCDM model. This study aimed at searching an improved solution to LRP problems, when the performance ratings and weight of object's phrase in distribution systems are vague and inaccurate, then the Fuzzy AHP and Fuzzy TOPSIS are the preferred techniques [10] .
Fuzzy model to determine the weights of object's phrase

Fuzzy AHP Procedure
AHP as a powerful decision-making tool to highlight the main priorities among the various criteria considered, including six basic Phases [6] . At first, before the development of AHP and TOPSIS Fuzzy, Fuzzy Logic briefly checked as follows: Definition 2.1. A Fuzzy set ã in a universe of discourse X is characterized by a membership function ( ) is termed the grade of membership of x in ã [14] . A triangular Fuzzy number, ã , can be defined by a triplet (a 1 , a 2 , a 3 ), in the present study uses triangular Fuzzy numbers. Its mathematical form is shown by Eq. (1) [7] . as two triangular fuzzy numbers, and to calculate the distance between them, using the Eq. (2) as follows:
Definition 2.3. α -cut defined as Eq. (3) for a triangular Fuzzy number ã :
be − α cut, ã and b , then the method is defined to calculate the divided between ã and b , as Eqs. (4), (5), (6) , and (7) Torfi et al. [10] : 
[ ] 
The principal operations on Fuzzy triangular numbers can therefore, be expressed as follows [13] : For multiplication:
For addition:
The proposed Fuzzy AHP procedure is then defined as follows Torfi et al. [10] :
Phase 1. AHP methodology involves decomposition of the decision problem into a hierarchical structure ( Figure 3 ).
Phase 2. The comparison matrix involves a comparative analysis of the constructed hierarchy in pairs of elements. The objective of the paper is to set the relative priorities of each hierarchical element over the next higher level. (10) The elements { } ij x can be interpreted as the degree of preference of ith criteria over jth criteria. It seems that the weight determination of criteria is more reliable under circumstances where pair-wise comparisons are made rather than obtaining them directly. The comparison matrix has to be normalized into the range of [0, 1] prior to calculations of vector of priorities using the following Eq (11): The closer the inconsistency index is to zero, the greater the consistency. The relevant index should be lower than 0.10 to accept the AHP results as consistent. If this is not the case, the decision-maker should go back and redo the assessments and comparisons. Phase 6. Calculate the average of elements in each row from the matrix R , by definition 2.4, in order to determine the weights of each criterion.
Fuzzy membership function
The case used in the present investigation incorporates precise values for performance ratings and the criteria weights alike. The existing precise values in the Fuzzy MACD are deliberately transformed into five-levels. The fuzzy linguistic variables are expressed as , very low (VL), low (L), medium (M), high (H), and very high (VH), with two objective in mind: (i) to illustrate the proposed Fuzzy MACD method and (ii) and subsequently using the empirical results as a benchmark for other precise value methods.
As a rule of thumb, each rank is so assigned to have an evenly spread membership function, having an intervals of 0.30 or 0.25. A transformation table can be arrived at the basis of such assumptions as shown in Table 1 . [13] . Very high (VH)
Principles of TOPSIS
TOPSIS method is based on selecting the most appropriate alternative, having shortest distance from the positive-ideal solution and the longest distance from the negative-ideal solution more detailed information can be found in [5] .
Fuzzy TOPSIS Procedure
It is often difficult for a decision-maker to assign a precise performance rating to alternative criteria in question. One of the principal merits of applying a Fuzzy approach is the possibility of applying the fuzzy rather than the precise numbers in decision analyses. The Fuzzy MCDM can be expressed in the matrix format based on Eqs. (14) and (15). 
The weighted Fuzzy normalized decision matrix is shown as Eq. (17): The merit of applying a Fuzzy model is in its flexibility and versatility in assigning the relative importance of criteria using Fuzzy numbers rather using precise numbers. This section extends the TOPSIS to the Fuzzy environment. This method is most appropriate for the solution of group decisionmaker problem under Fuzzy environment. What follows is more detail description of the proposed Fuzzy TOPSIS procedures. ( ) 
Mathematical model
This section will fit a mathematical model to the presented LRP in the previous section. An appropriate inventory model is first developed which is then integrated with the presented LRP.
Inventory Model
In this section, a inventory strategy will be developed in the form of a mathematical model and then integrated with the presented LRP model. The presented inventory model is an extension of the work by Tersin [9] .
Multi Product-Multi Customer Combined With Transportation Cost
As it was implied in the previous section, Tersin's model considers only single-product, single customer situation. These assumptions may not be held in the real world where multi-customers demand multi-products. Moreover, the Tersin's model ignores transportation cost limiting the usage of the model. To remove these drawbacks, this section extends Tersin's model to a multi-product inventory model considering transportation cost. It is assumed that order interval includes lead time where lead time is less than order interval. To extend Tersin's model consider the ordering cost. It can be assumed that transportation cost is a part of ordering cost as follows: Total order cost= order cost+ vehicle dispatching cost+ traveling cost The defined notations can be rewritten as follows:
This equation indicates, the order cost is dedicated to each product. This means that once a customer requests p product, the summation of A 1 to A P would imply the total order cost for p products. In contrast, since all products demanded by a customer are supposed to be shipped by the same vehicle, it is not required to dedicate fixed vehicle dispatching cost to each product. Moreover, a variable transportation cost which depends to the length of the trip should be added to the order cost (C* L v) Substituting (24) in equations (25), (26), and (27) presented in Tersin [9] :
LRP Model Integrated With Inventory
Following notations are used in this section: TIC: Total inventory cost S.t:
The objective of the LRP model is to minimize the system's total annual cost. Equation (30) indicates the objective function which contains five terms. The first term shows the fixed depot establishing cost in case a new depot(s) is to be opened. The second term, the direct transportation cost is the shipping cost of products from plants to depots. This cost depends on the distance from the plant to the depot. The third term represents the total annual inventory cost consisting of three sub-terms: purchasing cost, third party logistics cost and inventory cost. , the third party logistics is a linear function of the quantity of product p which should use 3PL due to space limitation of depot j. The last term indicates the combined routing and inventory cost. There are also nine sets of constraints in the model. The constraint sets (31) to (39) force only one depot to be assigned to a route. Constraint (31) assigns one and only one route to any customer. Constraint (32), known as flow conservation constraints, shows that any node belonging to the set of depots and customers should be entered and departed by the same vehicle. Constraint (33) indicates that any vehicle on the network can depart a depot only once. This prevents the vehicle to travel more than once for the customers located on the same routings. Moreover, it does not allow the vehicle to pass other depots. Constraint (34) illustrates that there is at least one connection from sets of depots and any customer(s) to the rest of the customers. These constraints are known as connectivity constraints. Constraint (35) connects the routing decision to the allocation decision. If there is a route from a customer to a depot, the customer should be assigned to that depot. Constraint (36) represents the 3PL constraint. If there is a limitation on the capacity of a depot for a product, the corresponding cost should be included in the total cost. For per unit limitation of product p at depot j a cost of H' is charged on the network cost. Constraint (37) implies the capacity limitation of a plant. It ensures that the total units of product p delivered to all open depots are less than the space limitation of the plants. The constraint set (38) indicates that for any selected depot, the sum of the products shipped from all plants should be equal to the sum of the product demanded by customers. The constraint set (39) implies that for any route, the total quantity of all products should be less than the capacity of the vehicle.
Mathematical Model Verification
In this section the presented mathematical model in Section 3.2.2 is verified. Objective function, equation (30), is consists of five items. The first three are presented in [7] for a single product network. Therefore, if the number of product is considered one in the presented model, the equations should be converted to the form of presented in [7] : p=1 therefore, the first three items of objective function will be: Which shows the same form of equations presented in [7] and [8] The forth item is obvious and does not need verification. It simply shows the 3PL holding cost. The last item of the equation (30) has already proved in Section 3.2.1.2. The first four constraints, equation (31) to equation (35) are the same equation presented in [7] . Equation (36) implies the 3PL constraint. This can be verified by considering two extreme points; when the capacity of the depot j for product p (K jp ) limits to zero and infinite: When
∑ ∑ ∑ ∑ ∑
This means that when a depot has no capacity for a product, the summation of the product which is transported from all plants ∑ ∈S s sjp W should be placed in the 3PL place (B jp ). This conclusion is true.
On the other hand, When K jp ∞ → then K jp X jp ∞ → and therefore; K jp X jp ff B jp which means that K jp X jp is a very large number compare to B jp . Ignoring B jp value, K jp X jp -B jp ≈ K jp X jp and therefore (36) is converted to:
This means that when the capacity of a depot for a product is infinite, the summation of product which is transferred from all plants ∑ sjp W should be placed in the depot not in 3PL space. This is a true conclusion Equation (37) is obvious and self-verified. It simply implies that the total input to any depot for any product should be less than or equal to the capacity of the depot for that product. Equation (38) is a general form of the balancing input -to -depot, output -to -customer equation that has been proposed in [7] which considers multi products rather than single product network. Equation (39) proposes the capacity limitation on routes. Recalling Section3.2.1.1, equation 3.8 presented for a single product, the expected order quantity for a multiple-product, multiple-customer network can be presented by left side of equation (39).
The Heuristic Algorithm
The heuristic algorithm has been applied for this LRP uses the same structure of the heuristic that developed for the LRP in Hamidi et al. (2014) . The heuristic structure and more detailed information can be found in [4] . Figure 1 showed the hierarchical structure of the decision model consisting of alternatives. The decision problem consist of three levels: at the highest level the objective of the problem is listed, while in the second level, the criteria, and in the third level, the sub-criteria are listed. The last level enlists the alternatives.
Computational results
Fuzzy model to determine the weights of object's phrase
Experimental results for AHP method
These consistent comparison matrices are shown in Table 2 . The weights of the two main criteria and five sub-criteria and their respective rankings are illustrated in Table 3 . The comparison matrices 4 are consistent (CI<0.1) According to [10] . In the next Phase we use the Fuzzy membership function discussed in section 3.2 to transform Table 4 into Table 5 . So the new pair wise comparison matrix will be as Table 5 . Table 5 . pairwise comparison matrix of the criteria and sub-criteria using Fuzzy linguistic variables.
The fuzzy linguistic variables of the aforementioned matrix, is subsequently transformed into a Fuzzy triangular membership function as illustrated in Table 6 . Table 6 . Fuzzy pairwise comparison matrix of the criteria and sub-criteria. In the third Phase, we calculate the average of each elements of the row; and the resulting matrixes are illustrated in Table 7 and 8. For more details see Torfi et al. [10] . 
Experimental results for TOPSIS method
The decision matrix of Table 9 is incorporated in the TOPSIS analysis. Applying the first Phase of the TOPSIS procedure, used by Torfi et al. [10] , each element can be normalized by Eq. (31). The resulting normalized decision matrix for the TOPSIS analysis is shown in Table 10 . The second Phase required the criteria weight data as a means of estimating the weighted normalized rating. These criteria weights calculated with AHP method. The third Phase finds the weighted normalized decision matrix. The analysis then proceeds to Phases 4 and 5, the results of which are illustrated in Table 11 . Table 11 . TOPSIS analysis results. Table 11 results as follows:
Experimental results for Fuzzy TOPSIS method
The numeric performance ratings are incorporated again in the Fuzzy TOPSIS analysis from Table 9 
(ii) The smaller the better type:
C 1 and C 4 in this paper are the smaller-the-better type, while in the others they can be the largerthe-better type. Then, Table 11 can be transformed into Table 12 . The next Phase applies the Fuzzy membership function as discussed in Section 2.1.2 as a method of to transforming Table 12 into Table  13 . Table 12 . Normalized decision matrix for Fuzzy TOPSIS analysis. Table 13 . Decision matrix using Fuzzy linguistic variables.
The Fuzzy linguistic variable is then transformed into a Fuzzy triangular membership function as shown in Table14. This is the first Phase of the Fuzzy TOPSIS analysis. The Fuzzy criteria weight is also collected in Table 14 . The second Phase in the analysis is to find the weighted Fuzzy decision matrix. Using Eq. (8), the Fuzzy multiplication equation, the resulting Fuzzy weighted decision matrix is shown as 15,0.30,0.45)  (0.15,0.30,0.45)  (0.75,0.90,1.00)  (0.75,0.90,1.00)  (0.35,0.50,0.65) A 3 
W
Founding the preference for the 10 alternatives is the last Phase as follows:
Sample Problem
To clarify the presented model, a small size sample problem is developed and solved in this section. Consider a network with two potential plants at the first level one distribution center (DC) at the second level, and three customers at the third level. One truck ships two products from DC to customers. Assume that demand during lead time plus order interval time follows a Normal distribution. Inventory costs are as follows:
It is also assumed that there are two homogenous vehicles in the network with the capacity of 400 units of products. There is a single depot in the network 5000 unit of products capacity per product and $150000 fixed opening cost. The transportation costs from the depot to the plants are $0.15 and 0.95$.
The purchasing costs are$30 and $50 for product 1 and product 2 respectively. Other required data are provided at Tables 20 to 25: The solution procedure presented in Figure 4 is followed here: Phase 1: Define sets Customers=I= {1, 2} Depot=J= {3} Potential Plants=S= {4, 5} Products=P= {1, 2} Phase 2: Compute T*, P (M>I), I, and E (M>I) for any two pairs of nodes belonging to set G. T* 12 , T* 21 , T* 31 and T*32 can be calculated using equation (3.14) . Note that for connections 13, and 23 only the transportation cost should be considered (no inventory cost). Referring to Tersine [9] The solution in the table reveals that the network works at its minimum cost when there is a routing from depot 3 to customer 2 and then customer 1 respectively (Z 131 =Z 211 =Z 321 =1). It indicates that while plant4 fills the demands for product 1(7200) and product 2(5000), plant 5 only fill the demand for product 2(4600). The products are directly shipped from the plants to the only depot, X 3 =1 the allocation variables, Y 13 and Y 23 decided to be 1 meaning that customers 1 and customer 2 should be served by depot 3. The solution also indicates that B 13 =2200 which means depot 3 has space limitation for product 1 as much as 2200 units forcing us to rent a 3PL space for $100 per unit. However, the capacity of depot 3 for product 2 (10000) is greater than the quantity shipped to the depot (9600); therefore, the 3PL is not required for product 2 (B 23 =0).
Conclusion
In this paper, a new complex four-layer LRP model that represents a multi-layer and multi-product distribution network is proposed. This model is an extension of the models that we discussed in and Torfi et al. (2011) . In this study, three new specific applications are taken into LRP: 1) Fuzzy multi-criteria decision making approach (FMCDM) to determine the weights of multiple objectives in location routing problems, with due attention to the rating of qualitative criteria and subcriteria that are considered as linguistic variables, 2) an inventory strategy will be developed in the form of a mathematical model and then integrated with the LRP and FMCDM model.
3) The application of the fuzzy logic in this study provided a solution which seems to be closer to the real world. The present study explored the use of AHP, Fuzzy AHP, TOPSIS and Fuzzy TOPSIS in solving a LRP problem. This study aimed at searching an improved solution to LRP problems. When the criteria weights and performance ratings are vague and inaccurate, then the Fuzzy AHP and Fuzzy TOPSIS are the preferred techniques. In addition, there exists other worth investigating MADM methods for a MADM problem. This becomes one of the future research opportunities in research area. Under the circumstances where the inputs, outputs and parameters are vague and stochastic, the fuzzy linear regression is preferred to other methods. Considering realistic assumptions and limitations such as producing multiple products, limited production capacity, limited depot and vehicle capacity, and limited traveling distances enables the user to capture the real world situations. Furthermore, it would be viable to apply this method in future investigations by using trapezium fuzzy numbers, LR numbers and other related factors to address and solve similar industrial problems. This becomes one of the future research opportunities in this classical yet important research area.
